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I. INTRODUCTION
The study of the electronic dynamics in molecules is a subject of great current experimental interest 1 and has been intensively investigated also from a Quantum Chemical perspective. 2 Most of these theoretical works concern the many-electron dynamics in isolated molecular systems neglecting the effects that may be induced by the presence of a dynamically reactive (i.e. polarizable) environment, as a solvent. In fact, when the molecule is in solution (or in even more complex environment), the electronic dynamics is coupled to the behavior of the solvent, that is in general delayed resulting in a far-from trivial dynamics of the overall solute+solvent system. Within the Polarizable Continuum Model (PCM) 3 for solvation the general theoretical framework to investigate such dynamics was set long ago, [4] [5] [6] but only in a recent paper, 7 we have shown a convenient way to take into account such coupled dynamics in real time. This approach was based on the definition of equations of motion (EOM) 8 for the time-dependent apparent charges that in PCM generate the time-dependent reaction field. [9] [10] [11] Alternative approaches to study real-time solute electron dynamics within the PCM have also been devised and applied.
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In our previous work, the evolution of the electrons of the molecule was described by a real-time time-dependent density functional theory (RT-TDDFT) approach. While the setup exploited there was suitable to show how apparent charge EOM derived for the Debye dielectric constant 16 could be seamlessly added to the bare RT-TDDFT propagation, it is not ideal to study qualitatively the effect of the solvent on the solute dynamics involving excited states. In fact, it is well-documented that the present versions of RT-TDDFT suffer from various artifacts when excited and/or non-stationary states are in focus: for example, the response to π-pulses (i.e., light pulses that take all the molecular population from ground state to a given excited state) is unphysical, [17] [18] [19] and Rabi oscillations are not properly described.
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All these artifacts are thought to be consequences of the adiabatic approximation, i.e., the assumption that the exchange-correlation (xc) potential at a given time depends only on the density at that time rather than to all the previous instants. 21, 22 Although in perspective the use of RT-TDDFT promises to achieve the prominent role that DFT and linear response TDDFT have for investigating ground state properties and excitation energies and spectra, at present studying electronic dynamics under generic electromagnetic perturbations with RT-TDDFT is complicated by such artifacts. 
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Other wave-function approaches have been based on time-dependent self-consistent field methods, [29] [30] [31] [32] that however are less straightforward in terms of qualitative behaviors due to the non-linearity associated with the self-consistency.
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In the present work, we couple an approach based on a time-dependent polyelectronic wave function with a PCM description of the time-dependent solvent response in the EOM formalism. Thanks to this development, the evolution of the molecular wavefunction in solution under an external perturbation can be studied free from qualitative artifacts. In this work, we have chosen to rely on the simplest of the wave-function based approaches for excited states, i.e., CIS. Despite its well-known quantitative limitations (in particular its tendency to overestimate excitation energies) 33 it is the simplest method that encompasses the formal features common to more complex approaches, as well as a correct qualitative behavior for solvent-affected excitations such as charge-transfer ones. TD-CIS has been used before to investigate the time-dependent behavior of molecules subjected to electromagnetic radiation.
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The paper is organized as follows: in section Theory, the basic concepts of the EOM PCM approach, on one side, and TD-CIS for molecules in vacuo are recalled and the way such approaches can be coupled is described in details. In section Results and Discussion, we shall show results for the solvent relaxation following a transition to a given excited state both within the Onsager solvation model and the PCM approach. In particular, we shall create this excited state in two different ways. First we shall simply assume an instantaneous excitation from the ground to the excited state, in the usual fashion of non-equilibrium approaches. This is the standard way the excitations are modeled in the frequency domain calculations of optical properties of molecules in solution. 34 Then we shall create the same state by applying a π pulse to the molecule, of short but finite length. This is a more physical realization of the excitation, that is possible only when a real-time description of the system is at hand. Finally we shall draw the conclusions.
II. THEORY
We consider a molecular solute involved in a general time-dependent process while is interacting with an external medium (the solvent). The latter is treated as continuum described by a complex dielectric permittivity (ω). Within PCM,the effective time-dependent electronic Hamiltonian for the solute may be written as:
Here,Ĥ 0 is the Hamiltonian of the isolated molecule, q(Ψ; t) ·V is the potential energy term representing the solute-solvent electrostatic interaction, andV (t) is a general timedependent external perturbation (we assume thatV (t) is applied adiabatically so that it vanishes at t = −∞).
In Eq. (1), q(Ψ; t) represents the time-dependent solvent polarization charges induced by the solute and placed on the boundary of the cavity hosting the solute itself within the dielectric medium representing the solvent, the dot represents a vector inner product, andV is a vector operator representing the electrostatic potential of the solute at the representative points on the cavity boundary. For general time-dependent processes the time-dependent polarization charges q(Ψ; t) at a given time t are a function of the previous history of the system:
where Q PCM (t − t ) is the solvent response matrix, non-local in time and depending on the whole spectrum of the frequency-dependent dielectric permittivity of the medium.
The state vector |Ψ(t) of the system satisfies the time-dependent non-linear Schrödinger
and approximated solutions can be expressed in terms of a many-electron basis set constituted by a suitable reference state |Φ 0 and the corresponding excited states
where C I (t) are the time-dependent expansion coefficients, and the excited states basis functions (I > 0) are generated from the application of an excitation operatorR I on the
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where the Hamiltonian matrix, driving the time evolution, has elements
and the time-dependent apparent charges q(C; t) are given by
with the expectation values of the electrostatic potential expressed as
The accuracy of the solution depends on the nature of the many-electron basis set expansion (Eq. (4)). For reasons of computational simplicity and feasibility, we use a reference state given by the Hartee-Fock single determinant |Φ 0 = |HF of the molecular solute, under a regime of equilibrium solvation, and the excited states |Φ I (with I > 0) in the form of a configuration interaction expansion limited to single excitations (CIS).
The occupied and vacant molecular orbitals associated to the Hartree-Fock wavefunction |HF are obtained from the solution of the Hartree-Fock equations involving the following Fock matrix (in the molecular orbitals basis):
Here, F 0 pq are the matrix elements of the Fock operator for the isolated system, and q(|HF ) collects the apparent charges induced by the Hartree-Fock charge distribution:
where the response matrix Q 0 is in the regime of equilibrium solvation, and depends on the static dielectric permittivity 0 of the medium. 
The corresponding Hamiltonian matrix to be diagonalized has elements:
The reference states |Φ I (I > 0) defined by Eq. (12) correspond to the the excited states of the solute in the frozen-solvent approximation, i.e., by assuming that upon the solute excitation, the solvent reaction field remains the same as in the ground state. This is the same reference state choice made in our previous work dealing with state-specific vs linearresponse treatments of excitations in solution. 34, 35 Using the Hartree-Fock state (I = 0) and the CIS excited states (I > 0) as an expansion basis set, the elements of the Hamiltonian matrix that drives the time evolution of the state vector (Eq. (1)) take the form:
where the time-dependent apparent charges ∆q(C; t) are given by
In general, the Hamiltonian in Eq. (15) is diagonal only when ∆q(C; t) = 0 (i.e., the reaction field is that in equilibrium with the ground state) and there is no external perturbation.
Therefore, by starting a dynamics from one of the frozen-solvent excited states |Φ I , such state will mix with the others, including the ground state.
Here, we note that the set of Eqs. 
A. Equation-of-motion for the solvent polarization charges
We now consider the case of a solvent whose frequency dependent dielectric permittivity (ω) may be approximated by the Debye relation
where ω is the frequency, 0 and d are the static and optical frequency dielectric permittivities, respectively, and τ D is the Debye relaxation time of the solvent. The time-dependent polarization charges in Eq. 17 are given by:
The forms of the Debye's kernel matrix Q 
The matricesQ and R have been defined in ref. 7 . Eq. (20) for the polarization charges and the time-dependent Schrödinger equation, Eq. (6), constitute a system of two equations of motion describing the many-electron dynamics of the molecular solute under the influence of the solvent polarization and viceversa. This system of differential equations can be integrated by using a simple Euler method, according to which the dynamic variables (expansion coefficients and polarization charges) a time t + ∆t are given by
In Eq. (21) the dependence of the Hamiltonian matrix elements, defined in Eq. (15), on the time-dependent polarization charges is explicitly shown.
We conclude this section by noting that similar EOMs can be obtained for the Onsager solvation model [36] [37] [38] (Debye EOM TD-Onsager) in terms of a time dependent reaction field ∆ F and a dipole moment variation ∆ µ:
where g 0 and g d are the static and dynamic reaction field factors respectively. 16 ∆ F and ∆ µ are defined as follows:
Extension to higher-order multipoles and ellipsoidal cavities is straightforward, the equations are reported in Appendices A and B, respectively.
B. Non-equilibrium time-dependent free energy
It is well-known that in a time-dependent picture the equilibrium definition of solvation free energy should be extended. [39] [40] [41] In particular, we need here a definition of nonequilibrium free energy, G neq , suitable for a time-dependent solvation. Such free energy has been defined by Caricato et al. 11 By reformulating G neq with the quantities and nomenclature of the present work we obtain:
where E(t) = I,J C * represented by q(t) − q d (t). G neq (t) encompasses the non-equilibrium free energy expression after a sudden transition as a special case, and converges to the standard equilibrium free energy in the long time limit.
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The absolute value of G neq (t) is not, however, particularly useful in the analysis of the time evolution of the system, since it is always defined up to an arbitrary constant. Rather, the de-excitation energy ∆G neq dex (t) at the time t, i.e., the non-equilibrium free-energy variation in suddenly passing from the excited state to the ground state, is more useful. "Suddenly" in this context means that the time-dependent solvent degrees of freedom are assumed to be frozen during the transition, and only the part represented by d can instantaneously follow the solute electronic transition
Using |HF as the ground state wavefunction at each time t is actually an approximation:
since the solvent polarization is changed during the evolution in the excited state, the ground state wavefunction after the de-excitation is different from |HF . It is possible to recalculate such wavefunction, but it would be too expensive to be obtained at each step of the evolution.
The numerical results presented later are therefore obtained within this approximation.
Eq. (27) can be simplified when the Onsager model is used:
We close this section by remarking that when the molecule undergoes a sudden excitation to an excited state at t = t 0 , then −∆G neq dex (t 0 ) is the non-equilibrium excitation energy in solution, and the values for t > t 0 are estimates of the time-dependent fluorescence energy ( from which time-dependent Stokes shifts can be recovered). 
III. RESULTS AND DISCUSSION
In this section we present the numerical results of the EOM-PCM/TD-CIS method presented above. The aim is to check the physical consistency of the method, by comparison with the corresponding Onsager model, and to show some of the potentialities of the method.
For these reasons, and for the sake of simplicity, we have considered a model system, LiCN, which was previously used for TD-CIS calculation in vacuo, 23 in acetonitrile.
A. Computational Details
The with a locally modified version of the Gaussian G09 (A02) package. 45 In the numerical applications of the EOM-PCM/TD-CIS method we have limited the many-electron basis set to the Hartree-Fock ground state and to the lowest 5 CIS excited states determined in the presence of the PCM frozen reaction field. Energies and dipole expectation values for this many-electron wavefunction basis set are reported in Table I . A complete analysis of the lowest 5 CIS states in terms of Slater determinants and symmetries is reported in the Supplementary Material section. This choice of the many-electron basis set allows reducing the mixing of the electronic states during the time-dependent evolution, which can lead to complex electronic processes (that will be the subject of future works), and to rather focus on the solvent dielectric relaxation. Generally speaking, this number of state is small and, taking also into account the characteristics of the pulse, not enough to achieve a converged result with respect to the reference basis set. In applications targeting specific experiments, tests on the convergence with the number of states are needed. The coupled propagation of the wavefunction of the molecule and of the reaction field is performed using WaveT, an home-made code. 
B. Relaxation of the solvent after a sudden excitation: Onsager vs PCM
As a first test of our approach, we have considered the solvent relaxation following a sudden excitation to the first dipole-allowed ground state. Such a state, S 4 , is degenerate with S 5 , as shown in Table I and the expectation value of its dipole moment is parallel to the one of the ground state but with a smaller modulus.
In Fig.(1) we compare the non-equilibrium free-energy de-excitation traces ∆G neq dex (t) obtained with Debye EOM TD-PCM with that coming from Debye EOM TD-Onsager. The agreement between the Onsager and the PCM results is very good just after the transition (i.e., at time t 0 =0 ps), while at the end of the simulation a minor discrepancy of about 10 meV (over a solvatochromic shift relaxation of ≈170 meV) is present. This can be attributed to the role of solute multipole moments higher than the dipole. In fact, when such multipole moments are artificially switched off ("PCM−µ" in Fig.(1) ), the PCM and Onsager results perfectly agree.
C. Solvent relaxation after an excitation: sudden vs π−pulse preparation
In the previous section, the starting point of the Debye EOM TD-PCM/TD-CIS simulation was created by a theoretical idealization, i.e., a sudden electronic excitation of the solute during which the slow degrees of freedom of the solvent are frozen. Here we shall focus again on the same excited state and the solvent relaxation taking place after an excitation to such state, but this time the state is produced in a physically realistic way, i.e., by a light-pulse able to take the ground state to the target excited state. Such light-pulse, called π pulse in analogy with NMR spectroscopy, is characterized by specific time dependent electric fields. For molecules in gas-phase, modelled as a two-level system and in the rotating wave approximation, one of the possible time-dependence reads:
where F π (t) is the electric field of the π pulse, µ 0I is the transition dipole from the ground state to the excited state I, σ p is the full-width at half maximum of the pulse, t p is the central time of the pulse and ω 0I is the excitation frequency for the transition from the ground state to the excites state I. Other functional forms for F π (t) are possible. 46 The time dependent perturbation in Eq. (1) associated to the π pulse is defined in the dipole approximation as
In the present case, we have considered LiCN in acetonitrile solution (with a realistic, molecularly shaped, cavity described in the Computational Details section), we have chosen the lowest bright excited state (S 4 ) as the target state I and the electric field is applied along the µ 04 direction (see Table II ). The chosen excited state is not that with a dipole moment opposite to the ground state one, as previously addressed in gas-phase simulations, 23 since the latter is shifted to high energies in the unfavorable ground state reaction field (i.e., by the interaction with the solvent). The π pulse for the molecule in solution was based on
Eq. (29) as well. In particular, we chose σ p = 200 au = 4.83 fs, we used the components of the µ 04 transition dipole reported in Table II (no local field effects were included) and we optimized the ω 04 excitation energy by a trial-and-error procedure. We considered a few tentative values of ω 04 close to the expected excitation frequency −∆G neq dex (t 0 ), i.e., the non-equilibrium excitation energy, monitoring the final population achieved after the pulse.
The results are shown in Fig.2 . The excitation frequency providing the higher population transfer is very close to the expected one (not surprisingly since σ p chosen here, ≈ 5fs is very small compared to the acetonitrile relaxation time, τ D = 3.37ps), and the π pulse transfer more than 99% of population to S 4 . The electric field associated to such pulse as well as the populations of the ground and the fourth excited states as a function of the time during the pulse are reported in Fig. (3) .
In Fig.(2) , we report the results for two choices of the d dielectric function: one is that proper for acetonitrile ( d = 1.806), the other ( d = 1.000) corresponds to a situation where no degrees of freedom of the solvent can instantaneously re-adjust with the solute state.
Immediately after a sudden excitation, or a short π pulse, this corresponds to a frozensolvent approximation. As it can be seen in the Figure, we report in Fig.(4) a correlation plot showing the energies of the lowest states in gas-phase, their non-equilibrium free-energy within the frozen solvent approximation and by including also the instantaneous electronic response (but keeping the same solute wavefunctions as in the frozen-solvent approximation). Clearly, the largest contribution of the solvent effect is already at the frozen-solvent level, and stems mainly from the stabilization of the (highly polar) ground state. Coherently, the excited states with a dipole directed opposite to the ground state's are taken to very high energies by the solvent effect.
After having determined the parameters of the π pulse, we shall then compare the relaxation of the solvent following the theoretical sudden excitation and the π−pulse excitation.
Here d is set to 1.000, which allows using directly the frozen-solvent state as the starting condition for the sudden excitation approach (no such simplification would be required for the π−pulse excitation). The deexcitation energy traces are shown in Fig.(5) . Excluding the few initial fs, the agreement between the curves is very high. Such an agreement is, a posteriori, a justification of the "sudden" approximation used ubiquitously in the literature of solvatochromic shifts. Furthermore for the same simulation we have checked the quality of the approximation made in eq. (27) : at the end of the simulation the contribution of the HF state to the ground state is higher than 99.99%.
The plot of the time-dependent expectation value of the dipole as a function of time is reported in Fig.(6) . After a transient change from the ground to the excited state values for the π− pulse simulations, the expectation value of the dipole moment becomes constant and equal to that of the state created with the sudden excitation. Only minimal oscillations along x and y directions can be seen in the plot (for the π-pulse trace), due to a residual ground state component. The constant value of the dipole moment in this plot also indicates that, within the small excited state space used for these tests, the solvent reaction field relaxation is not polarizing the solute wavefunction (i.e., it is not mixing it with other excited state wavefunctions). Also, on the time scale of these simulations, we do not observe decay to the ground state due to solute electronic energy dissipation into the solvent, which is reasonable due to the largely different time-scales that characterize the electronic dynamics of the solute and the nuclear dynamics, embodied in the Debye dielectric constant, of the solvent. 
with f l (ω) = (ω) − 1 (ω) + k l (A3)
here V lm are the frequency-dependent contributions to the reaction potential given by each multipole component M lm , Y lm (θ, ψ) are the associated spherical harmonics, and a is the radius of the spherical cavity. In the time domain we may write:
Following the route given in ref. 7 we provide the following expression for the time-dependent multipolar contributions to the reaction potential within the Debye's model for the dielectric function (Eq. (18)):
furthermore we obtain the following equations of motion for V lm (t):
with
In section II only the dipole contribution to the reaction field, i.e., the potential contributions V 1m , is considered.
Appendix B: EOM for the Dipole Reaction Field in Ellipsoidal cavities
The equation of motion for the dipole reaction field F for an ellipsoidal cavity with two of the three axis of equal length (prolate spheroid), may be derived from Eq.(A9):
with:
b and c are respectively the principal and the secondary semi-axes of the prolate spheroid, and Λ is the prolate-spheroid depolarizing factor along the principal axis: 
